
One
History

In 1819Dulong and petit enunciated a principle, which now bears their
names, that the atomic weight of a solid element times its specific heat is
a constant. In modern units,

at wt.× sp. heat ∼= 6 cal K−1 mol−1 ∼= 25 JK−1 mol−1

where J is the joule and K is the kelvin. The modern term for (at wt. ×
sp. heat) is the molar heat capacity, designated CV when measured at
constant volume. (In the nineteenth century there was some dispute over
whether the heat capacity should be measured at constant pressure or
constant volume, but it soon became clear that CV is more appropriate
for our purposes.)

1.1 Failure of the Dulong-Petit Law

Historically, the law of Dulong and Petit settled several disputes about
the atomic weights of solids, but we are principally interested in cases in
which it fails. Boltzmann argued that the specific heat of a system can
be rationalized on the basis of 12�T of energy per degree of freedom of
molecular motion where � is a suitable constant (see below) and T is the
temperature. Unfortunately, by the time this ingenious argument had been
put forth, numerous violations of the lawwere known and thewhole argu-
ment was discredited. Boltzmann’s explanation was substantially correct
but something radical had to be done to modify it.
Einstein noticed that the law of Dulong and Petit fails badly for dia-

mond. Subsequent low-temperature studies showed that it always fails,
provided the temperature is low enough.Whenever the law fails for simple
crystals, the observed Dulong and Petit constant is smaller than it “ought
to be.” Later cryoscopic studies showed that the Dulong and Petit con-
stant is always “too small” at some temperature and that it approaches
zero near 0K, a temperature region unattainable at the time of Einstein’s
original work. Einstein set out only to remedy problems in predicting the
heat capacity of diamond but in so doing he developed a general theory
of the variation of CV with T for all solids at all temperatures, even down
to 0K.
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1.2 Crystals: Einstein’s View

Einstein contemplated a model of harmonic oscillators free to move in
three dimensions tethered to regularly spaced lattice points by isotropic
restraining forces. By isotropic, we mean that there are no differences in
the forces in the x, y, and z directions.
By the early twentieth century, it was known that the energy of a clas-

sical mechanical system is 1
2�T per degree of freedom per particle or

1
2RT per degree of freedom per mole, where R is the ideal gas constant,
which has a modern value of 8�314 JK−1 mol−1. The three-dimensional
harmonic oscillator has three degrees of freedom contributing to its kinetic
energy and three degrees of freedom contributing to its potential energy,
leading to 6

2RT = 3RT of energy. From classical thermodynamics,

CV =
(
�U
�T

)
V

(1.2.1)

where U is the molar energy; hence

CV = 3R = 3(8�31) = 24�9 JK−1 mol−1�

So it is that the law ofDulong and Petit is consistent with classical mechan-
ics. The question is: Why does it fail for diamond? This Einstein deduced
in 1906 on the basis of the recent (1900) quantum theory of Max Planck.
It soon became evident that his deduction is valid for very many solids at
low temperatures.
If the harmonic oscillators in a simple crystal have discrete levels of

energy as Planck proposed, then they should all be at the lowest level
at T = 0K. Very near that temperature, at T ∼= 0K, an infinitesimal
temperature rise would not be sufficient to promote any of the atoms in
the crystal to the next higher (first excited) quantum state. No promotion,
no energy absorption. If there is no energy absorption for an infinitesimal
temperature rise,

dU = CV dT = 0 (1.2.2)

and, since dT �= 0, CV must be zero.
Now we have the two extremes of heat capacity for a simple crystal.

At very low temperatures CV ∼= 0 and at high temperatures CV ∼=
24�9 JK−1 mol−1. The question is what happens in between.

PROBLEMS

1.1. How much heat energy (in joules) does it take to heat a kilogram of
copper from 20.0 to 40.0K?
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1.2. How much heat energy in joules does it take to heat a kilogram of
water from 20.0 to 40.0K? Recall (or look up) the historic definition
of the calorie.

1.3. Do the answers to problems 1.1 and 1.2 give scientific support to
the folk saying, “A watched pot never boils”?



Two
Background

The simple mechanical system of the classical harmonic oscillator
underlies important areas of modern physical theory. This chapter devel-
ops the basic model in one, two, and three dimensions. The concept of
degeneracy arises in the two-dimensional oscillation of a square plate or
diaphragm. Three-dimensional harmonic oscillation relates to oscillatory
modes in the Rayleigh-Jeans equation (section 4.6). Vibration of a macro-
scopic three-dimensional crystal is treated by Debye’s theory in chapter 6.
Harmonic oscillator theory is important when it succeeds and also when
it fails, as we shall see in the motivation to find a theory of radiation that
we now call the quantum theory, described at the end of this chapter.

2.1 Classical Harmonic Motion

Motion of a mass m under the influence of a Hooke’s law force f acting
on m such that it moves back and forth along a straight line across an
equilibrium point is simple harmonic motion (SHM):

f = −kx (2.1.1)

(see figure 2.1.1) In a one-dimensional x space, the force is directly pro-
portional and opposite to the displacement x of the mass away from the
equilibrium position, which we define as x = 0. At x = 0, f = 0. The pro-
portionality constant k is called a Hooke’s law force constant. The sign
on the right is negative because the force is opposite to the displacement,
that is, it is a restoring force.
According to Newton’s second law,

f = ma, (2.1.2)

where the acceleration a is d2x/dt2 for motion along the single space
coordinate x. Equating Hooke’s law and Newton’s law,

m
d2x
dt2

= −kx,
d2x
dt2

= − k
m
x,

(2.1.3)
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Figure 2.1.1. Harmonic oscillator of one mass.

which is the Newton-Hooke equation of motion for a harmonic oscillator
of a single mass. Equation 2.1.3 has, as one of its solutions,

x = Aei�t (2.1.4)

where � = √
k/m and i = √−1. Sine and cosine solutions like x =

A sin�t also exist as can be seen by substituting any of the solutions

x=Aei�t,
x=A sin�t,
x=A cos�t (2.1.5)

into the Newton-Hooke equation for the harmonic oscillator. A general
rule for equations of this kind is that the sum or difference of two or
more solutions is also a solution. This can be verified by substituting an
appropriate sum or difference into the Newton-Hooke equation.
In a conservative system in which there is no frictional or similar loss

in energy, the force is related to the potential energy V by

V = −
∫
fdx; (2.1.6)

hence, for the Hooke’s law force,

V = −
∫ x

0
−kxdx = 1

2
kx2� (2.1.7)

The total energy E is kinetic energy T plus potential energy V ,

E = 1
2
m
(
dx
dt

)2
+ 1
2
kx2, (2.1.8)

where dx/dt is a velocity if its direction is specified (a vector) or a speed
if the direction is ignored (a scalar).
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Figure 2.1.2. The function x = f (t) for a linear harmonic oscillator of one mass.
Time t is measured in units of 	/2�. One period 
 is 4 units on the t axis. The initial
condition is x(0) = 0�707 distance unit for trajectory P, 1.00 for trajectory Q, and
0.0 distance units for trajectory R. The second initial condition is ẋ = 0�707, 0�0,
and 0.250 speed units for P, Q, and R respectively.

The locus of positions versus time over a specified period t − t0 is a
trajectory (figure 2.1.2). Any simple harmonic trajectory can be repre-
sented by

x = A cos(�t + �) (2.1.9a)

or by

x = A sin(�t + �), (2.1.9b)

where A is the maximum amplitude (maximum excursion of the mass)
and � and � are phase angles which locate the sine wave on the time axis.
The sine and cosine descriptions of a harmonic oscillator trajectory differ
only by a change of 	/2 in the phase angle; hence, as already said, they
are equally valid solutions of the Newton-Hooke equation. Integrating a
second-order differential equation twice produces two constants of inte-
gration. Once we have characterized a frictionless harmonic oscillator by
specifying two constants, for example, A and �, there is nothing more we
can say about it. We have used up both of the two constants of integration
allowed by the second-order Newton-Hooke differential equation.



BACKGROUND 7

2.2 Wave Equations: The Vibrating String

Suppose a vibrating guitar string resembles figure 2.2.1a at some instant
in time, t. Let the displacement from the equilibrium position u(x, t) = 0
of some infinitesimal part of the string be u(x, t) on the vertical axis. Each
infinitesimal length of the string is undergoing harmonic motion about
u(x, t) = 0 in response to a vertical force. There is no horizontal motion
and no net force in the horizontal direction. The tension 
 at any point of
the string is the magnitude of the force acting at that point. The tension
is tangential to the string. Because there is no net horizontal force, the x
components of the force at any two points of the string must be equal and
opposite. The tension on two adjacent points, being a scalar, is the same
for each.
Figure 2.2.1b shows a tangent line drawn at an arbitrary point on the

string u(x, t) between the end points x = 0 and x = L. Figures 2.2.2a and
b show this part of the string in more detail. Let 
 be the angle between the
horizontal and the tangent at x. Let � be the angle between the horizontal

Figure 2.2.1a. The fundamental mode of vibration of a stretched string of length
L. The horizontal line is the equilibrium position of the string.

Figure 2.2.1b. The fundamental mode of vibration of a stretched string of length
L. A line has been drawn tangent to u(x, t) at an arbitrary value of x.














































